Abstract. We define the notion of a smooth pseudo-Riemannian algebraic variety (X, g) over a field k of characteristic 0, which is an algebraic analogue of the notion of Riemannian manifold and we study, from a model-theoretic perspective, the algebraic differential equation describing the geodesics on (X, g).
1. This article is the second one in a series of two articles devoted to the construction of large families of algebraic ordinary differential equations whose generic types, in the theory of differentially closed fields, are orthogonal to the constants.
In the first part of this work [Jao16] , we have translated this model-theoretic property of an algebraic differential equation into a property of the associated D-variety (X, v). Here X denotes a (smooth) algebraic variety over the base field k and v a regular vector field on X, that defines the algebraic differential equation under study, and the orthogonality to the constants becomes "the D-variety (X, v) n admits no non-constant rational integral for any natural number n". Then, when the base field is a subfield of the field R of real numbers, we have proved that (X, v) satisfies this property as soon as the flow of the dynamical system (X(R), v R ) defined by the real points of (X, v) is "sufficiently topologically mixing".
In this second part, we provide an algebraic framework, complementary to the model-theoretic developments in [Jao16] , to study geodesic flows of Riemannian manifolds from the perspective of differential algebra and model theory.
In order to associate a definable set in a differentially closed field to a differential equation, we need to express it as a formula in the language L δ = {0, 1, +, −, ×, δ} of differential rings. Consequently, an important limitation for us is to work with polynomial differential equations, whereas the setting for classical Riemannian geometry is the category of smooth manifolds (and therefore a broader class of differential equations). Accordingly, we develop a formalism of Riemannian geometry in the framework of smooth algebraic varieties over a field of characteristic 0.
Once this has been settled, we have a large class -the geodesic flows of various real algebraic smooth pseudo-Riemannian varieties -of algebraic differential equations at hand, that we can start to investigate from a model-theoretic perspective. Using the results of the first part of this work, we address the problem of orthogonality to the constants for their generic types, under suitable irreducibility assumptions.
2. Originally, the geodesics of a Riemannian manifold (M, g) were defined as the smooth curves drawn on M , with constant velocity and minimal length among the curves with the same end points. For a smooth submanifold M of the Euclidean space R n (endowed with the restriction g of the Euclidean metric), the geodesics of (M, g) all share the property that their acceleration is normal to the submanifold M .
In modern terminology, the term of geodesic is understood in a broader meaning, referring to the curves lying on M satisfying the latter property and therefore, to the solutions of a second-order differential equation on M . Alternatively, one may define the geodesics on a submanifold M of the Euclidean space R n , in physical terms, as the trajectories of a particle, constrained to move without friction on the submanifold M .
There are two classical ways of writing this differential equation intrinsically, in terms of the Riemannian manifold (M, g). On the one hand, one can use the Levi-Civita connection on the manifold M to describe the geodesics as the curves whose covariant acceleration vanishes. It follows from this formulation that the geodesics (lifted canonically to T M ) define a foliation of T M by curves.
On the other hand, using the basic principles of Hamiltonian Mechanics, one can describe directly the vector field v on T M whose integral curves are the lifted geodesics. For instance, the vector field v is the Hamiltonian vector field associated with the free Hamiltonian H g (x, v) = 1 2 g x (v, v) (with respect to the symplectic structure on T M induced by the canonical symplectic structure on T * M via the isomorphism T M ≃ T * M defined by g). The flow on T M of this vector field is called the geodesic flow of the Riemannian manifold (M, g).
The integrability properties of the differential equation describing the geodesics of a Riemannian manifold (M, g) and the related problem of describing the dynamic of the geodesic flow have been a main focus for many great mathematicians. Notably, Jacobi explored some highly non-trivial cases of complete integrability for these systems while Hadamard [Had98] , following ideas of Poincaré, was the first one to understand that negative curvature was the source of non-integrability results for these differential equations. Later, the results of Hadamard were generalised to arbitrary compact Riemannian manifolds with negative curvature by Anosov [Ano67] and his followers (see for example [Pan91] ).
It is natural to expect that, when dealing with algebraic differential equations, the aforementioned results should have important consequences for the model-theoretic behaviour of the definable set (in a differentially closed field) associated to the geodesic differential equation.
3. Fix k a field of characteristic 0. There is a natural analogue -the notion of smooth pseudoRiemannian algebraic variety over k -for the notion of Riemannian manifold, namely a smooth algebraic variety X over k endowed with a non-degenerate algebraic symmetric 2-form g.
Many of the basic constructions in Riemannian geometry can still be carried out in this context. For instance, we can define the Levi-Civita connection on the sheaf Θ X/k of vector fields on X and various avatars of the curvature. Moreover, we associate to any smooth pseudo-Riemannian variety over k, a D-variety (T X/k , v) over the differential field (k, 0) called the geodesic D-variety of (X, g).
When k is the field of real numbers, one may consider the real analytification functor which associates to a smooth algebraic pseudo-Riemannian variety (X, g) over R, a (real analytic) pseudoRiemannian manifold (X(R), g R )
an . In the second section, we check that our formal definitions and constructions are compatible with the classical ones for the pseudo-Riemannian manifold (X(R), g R ) an through real analytification.
In order to gather diverse examples of geodesic D-varieties, we need some tools to construct interesting algebraic pseudo-Riemannian varieties. Working over the field of real numbers, these tools will be approximation theorems asserting that any compact Riemannian manifold may be realised, after a small perturbation of the metric, as the analytification of some algebraic pseudo-Riemannian variety over R:
Theorem A. Let (M, g M ) be a smooth, connected and compact Riemannian manifold. For every neighbourhood U ⊂ C ∞ (S 2 T * M ) of g M for the C ∞ -topology, there exist a smooth pseudo-Riemannian variety (X, g) over R and a diffeomorphism φ : M −→ X(R)
an such that φ * g an R ∈ U. A consequence of Theorem A is the following existence principle: for any property (P ) of a compact Riemannian manifold preserved by small perturbations, there exists a smooth pseudo-Riemannian variety over R whose analytification satisfies the property (P ). In particular, Theorem A provides many examples of smooth pseudo-Riemannian varieties (X, g) over R whose analytification is a compact Riemannian manifold with negative curvature.
We also prove an "embedded version" of Theorem A, that ensures the existence of many compact and non-singular real algebraic subsets M of the Euclidean space R n such that the restriction to M of the Euclidean metric has negative curvature:
) be a smooth, connected and compact Riemannian manifold. For every neighbourhood U ⊂ C ∞ (S 2 T * M ) of g M for the C ∞ -topology, there exist m ∈ N and a C ∞ -embedding i : M −→ R m such that:
(i) The image of M is a non-singular algebraic subset X(R) of R m , defined by some smooth, locally closed subvariety X of A m R .
(ii) Let g 0 be the usual Euclidean metric on R m . The pullback i * g 0 of the Riemannian metric g 0 is in U. The proofs of Theorem A and of Theorem A ′ are both based on Tognoli's Theorem, which asserts the existence of algebraic embeddings for smooth compact manifolds. Taking this theorem for granted, Theorem A is a direct application of the Stone-Weierstrass Theorem, while the proof of Theorem A ′ is slightly more involved. The key point behind its proof is a clever construction of Nash, known as Nash twist, that plays a central role in his existence proofs for isometric embeddings of differentiable Riemannian manifolds (see [Nas54] and [Nas56] ; see also [Gro86] for a modern presentation).
4. Let (X, g) be an absolutely irreducible pseudo-Riemannian variety over k and (T X/k , v) the associated geodesic D-variety. The Hamiltonian H g defining v is a rational integral of the vector field v and defines a morphism of D-varieties over (k, 0):
In particular, no matter which pseudo-Riemannian variety we started from, the generic type of the geodesic D-variety is never orthogonal to the constants. Consequently, the interesting property is the orthogonality to the constants for (the generic type of) the fibres of H g . A consequence of the homogeneity properties of H g is that this property does not depend on the non zero fibre chosen.
In the case of the sphere S 2 ⊂ R 3 endowed with the restriction of the Euclidean metric (seen as a pseudo-Riemannian variety over R), the geodesic D-variety admits a complete system of rational integrals and therefore all the fibres of H 0 are non-orthogonal to the constants. However, when k is a subfield of R and when (X(R), g R )
an is a compact Riemannian manifold with negative curvature, we prove that the opposite situation arises. Indeed, we prove: Theorem B. Let (X, g) be an absolutely irreducible smooth pseudo-Riemannian variety over R, with Zariski-dense real points, and such that (X(R), g R )
an is a non empty, compact Riemannian manifold. If the sectional curvature of this Riemannian manifold is negative, then every non zero fibre of the morphism of D-varieties
is an absolutely irreducible D-variety with generic type orthogonal to the constants.
First note that Theorem B implies its "embedded version" which was stated as Theorem A in [Jao16] (Corollary 4.2.5 in this article).
Theorem B is proved by a combination of the dynamical criterion of orthogonality to the constants proved in [Jao16] and of the results of Anosov and his followers on the topological dynamics of the unitary geodesic flow.
In conclusion, let us indicate that we expect a stronger form of Theorem B to hold. Namely, under the assumption of Theorem B, the generic types of the fibres of H g should be minimal and trivial types, at least when dim(X) = 2.
5. This article is organized as follows. In the first section, we define the notion of a smooth pseudo-Riemannian variety over a field k of characteristic 0. We also give analogues in this setting of some basic formal objects of Riemannian geometry. In particular, we associate to any such pseudoRiemannian variety, a D-variety over (k, 0) called the geodesic D-variety.
In the second section, we study some properties of the analytification functor. We show that the notions of the first section and the classical notions of Riemannian geometry are related through analytification. We also give proofs for Theorem A and Theorem A ′ . In the third section, we give a self-contained exposition of the mixing properties of the geodesic flow of a Riemannian compact manifold with negative curvature, involved in the proof of Theorem B. There is nothing really original in this section and its main result is well-known by experts of hyperbolic dynamics. However, we need some specific form of these mixing properties, namely for the topological dynamics of the geodesic flow of a compact Riemannian manifold with negative (but variable) curvature, for which we could not find an explicit statement in the literature, and we explain how to derive it from available references.
In the last section, we first deal with the problem of absolute irreducibility for the fibres of the Hamiltonian integral of the geodesic D-variety. Then, we gather the previous constructions and results to complete the proofs of Theorem B and its corollaries.
6. The results of this article constitute a part of my PhD. thesis, supervised by Jean-Benoît Bost (Orsay) and by Martin Hils (Paris VII-Münster) and they are based on their many interesting ideas and suggestions. I would also like to thank Frederic Paulin for discussing with me the dynamical properties of geodesic flows, described in the third part of this article. We fix k a field of characteristic 0. By a variety over k, we mean a reduced and separated scheme of finite type over k.
If X is a variety over k, the tangent bundle (resp. cotangent bundle) of X is denoted T X/k (resp. T * X/k ). The coherent sheaf Θ X/k (resp. Ω 1 X/k ) of vector fields on X (resp. of 1-forms on X) is the sheaf of sections of T X/k (resp. T * X/k ). If X is a smooth variety over k, then Θ X/k and Ω 1 X/k are locally free sheaves and the pairing
1.1. Hamiltonian formalism.
Definition 1.1.1. A smooth symplectic variety over k is a pair (X, ω) where X is a smooth variety over k and ω ∈ H 0 (X, Λ 2 Ω 1 X/k ) is a closed non-degenerate alternating 2-form on X.
Construction 1.1.2. Let (X, ω) be a smooth symplectic variety over k. The 2-form ω induces a morphism of coherent sheaves over X:
Because the 2-form ω is non-degenerate, this morphism is an isomorphism. In particular, we get an isomorphism of k-vector spaces
Definition 1.1.3. Let (X, ω) be a smooth symplectic variety over k and
Lemma 1.1.4. Let (X, ω) be a smooth symplectic variety and
Example 1.1.5. Let X be a smooth variety over k. There exists a canonical symplectic structure on the cotangent bundle T * X/k of X, that we describe below. Let Y = T * X/k and π : Y −→ X the canonical projection. First note that, as X is a smooth variety over k, the variety Y is also smooth over k.
Moreover, the pairing (1) induces a morphism of coherent sheaves over X:
Using the adjunction between the functors π * and π * and composing with the differential dπ :
we get a morphism of coherent sheaves over Y :
′ be an étale morphism of smooth varieties over k. The morphism
Let θ X and θ X ′ be the canonical 1-forms of T * X/k and T * X ′ /k . By using the construction above, it is easy to check that g * θ X ′ = θ X . Using this remark, we can give the following description of the canonical 1-form. Let X be a smooth variety over k. As X is smooth, there exist étale charts for X, namely a covering of X by open subspaces U ⊂ X and étale morphisms
Let π : T * X/k −→ X be the projection. As f is an étale morphism, it defines a trivialisation of the cotangent bundle of X:
Using remark 1.1.6 and the direct computation for the canonical 1-form in A n [AG01, Chapter 2], the canonical 1-form on X is given by:
Lemma 1.1.7. Let X be a smooth variety over k and
Y /k ) of the canonical 1-form θ is a symplectic form. Proof. By definition, ω is a closed alternating 2-form. We only need to check that it is non-degenerate. For that purpose, it is sufficient to work locally on X. With the identity (3), we can write θ = n i=1 p i .dx i in étale coordinates, on a covering of X. Then, the 2-form ω is given by:
and therefore non-degenerate.
1.2. Pseudo-Riemannian varieties. Definition 1.2.1. A smooth pseudo-Riemannian variety over k is a pair (X, g) where X is a smooth variety over k and g ∈ H 0 (X,
) be a smooth pseudo-Riemmanian variety over k. Similarly to the symplectic case, the non-degenerate symmetric form g on X defines an isomorphism of locally free sheaves over X:
). Therefore, we get an isomorphism of vector bundles over X: T X/k ≃ T * X/k . The canonical symplectic structure on T * X/k defined by example 1.1.5 pulls backs via this isomorphism into a symplectic structure on T X/k . If (X, g) is a smooth pseudo-Riemannian variety over k, the smooth variety T X/k will always be endowed with this symplectic structure. Definition 1.2.3. Let X be a variety over some field k and F a coherent sheaf on X. A connection ∇ on the coherent sheaf F is a morphism of sheaves of abelian groups ∇ : F ⊗ Θ X/k −→ F , satisfying the Leibniz rule for any local sections v, σ and f of Θ X/k , F and O X respectively :
where ∇ v (f ) denotes the derivative of f for the derivation induced by v. Proposition 1.2.4. Let (X, g) be a smooth pseudo-Riemannian variety over k. There exists a unique connection ∇ on the locally free sheaf Θ X/k of vector fields on X such that:
(i) The connection ∇ has zero torsion, i.e., for every vector fields v, w ∈ Θ X (U ) on an open set U ⊂ X, we have:
The metric g is parallel for the connection ∇, i.e., for every vector fields v, w, x ∈ Θ X (U ) on an open set U ⊂ X, we have:
The connection ∇ on the tangent bundle of X is called the Levi-Civita connection of the pseudoRiemannian variety X. In particular, by definition, the curvature tensor
is an alternating 2-form with values in the locally free sheaf End(Θ X/k ). Notation 1.2.6. Let (X, g) be a smooth pseudo-Riemannian variety over k. We denote by G 2 (X) the Grassmannian of 2-planes in T X/k . As X is a smooth variety over k, the variety G 2 (X) is also smooth over k. We shall denote by G g 2 (X) the open subscheme of G 2 (X) whose geometric points parametrize the non-isotropic 2-planes (i.e., planes where the restriction of the 2-form g is non-degenerate) of X. Construction 1.2.7. Let (X, g) be a smooth pseudo-Riemannian variety over k. Consider the closed
Over any geometric point x in X, if (v, w) ∈ Z 0,x , then Vect(v, w) is a non-isotropic 2-plane and every isotropic 2-plane of T X/k,x admits a basis in Z 0,x . Consequently, we have a surjective morphism of varieties over k:
. Note that the curvature tensor defines a morphism R :
varieties over k, and that the formula
The following lemma, together with the smoothness of G g 2 (X) and the existence of sections of π (locally in the Zariski topology) shows that this function descends to a function on G g 2 (X). Lemma 1.2.8. Let (X, g) be a pseudo-Riemannian algebraic variety over k. Consider k an algebraic closure of k, x ∈ X(k) and P ⊂ T x X(k) a non-isotropic 2-plane. Consider (v, w) an orthonormal basis of P and set
The quantity K g (P ) does not depend on the choice of an orthonormal basis (v, w) of P . The lemma is a simple consequence of the invariance properties of the curvature tensor
Definition 1.2.9. Let (X, g) be a pseudo-Riemannian variety. We call sectional curvature of X, the function
) defined by the formula (4) and Lemma 1.2.8. 1.3. Classical mechanics. Construction 1.3.1. Let (X, g) be a smooth pseudo-Riemannian variety over k. Consider the function H g ∈ H 0 (X, T X/k ) associated to g defined by
By using the symplectic structure on T X/k given by Remark 1.2.2, we denote by X g , the Hamiltonian vector field associated to H g . Definition 1.3.2. Let (X, g) be a smooth pseudo-Riemannian variety over k. We call geodesic Dvariety associated to (X, g), the D-variety (T X/k , X g ) over the differential field (k, 0).
By Lemma 1.1.4, the function H g is an integral of the D-variety (T X/k , X g ). In other words, we have a morphism of D-varieties over (k, 0):
Note that the only singular value of H g is 0. Consequently, for any t ∈ k \ {0}, the fibre of H g over t is a smooth variety over k. Moreover, the fibres of H g are invariant subvarieties of (T X/k , X g ) because H g is a rational integral. This means that the vector field X g restricts to a vector field on any smooth fibre of H g , which will still be denoted X g . Lemma 1.3.3. Let (X, g) be a smooth pseudo-Riemannian variety over k and a, b two elements of k \ {0}. We have an isomorphism of D-varieties over (k, 0):
Proof. This is a consequence of the homogeneity properties of the Hamiltonian H g . Consider the morphism 
We get that Y = b.X g , which gives the isomorphism of D-varieties.
Remark 1.3.4. Note that in particular, after base-changing to the algebraic closure k of k, all fibres (as varieties over k) of H g become isomorphic.
However, there may exist non-isomorphic fibres over k. For example, consider the geodesic Dvariety of the sphere S 2 ⊂ R 3 (endowed with the Euclidean metric). In that case, the fibres over negative values and the fibres over positive values are non-isomorphic over R but become isomorphic after base-changing to C. Definition 1.3.5. Let (X, g) be a smooth pseudo-Riemannian variety over k. We call unitary geodesic D-variety associated to (X, g), the fibre (as a D-variety) over
The underlying variety of the unitary geodesic D-variety is the sphere bundle
Proposition 1.3.6. Let (X, g) be a smooth pseudo-Riemannian variety over k. Suppose that the unitary geodesic D-variety is absolutely irreducible and that its generic type is orthogonal to the constants. Then, for any c ∈ k \ {0}, the fibre of H g over c (as a D-variety) is absolutely irreducible and its generic type is orthogonal to the constants.
Proof. We can suppose that k = k as everything is invariant under base-change. Fix c ∈ k \ {0} and consider b a square root of 2.c. By Lemma 1.3.3, we get an isomorphism of D-varieties over k
By hypothesis, the latter D-variety is irreducible and its generic type is orthogonal to the constants. Therefore, the D-
) is also irreducible and its generic type is orthogonal to the constants.
Note that for all n ∈ N, the rational first integrals of (H −1
n are the same. Using Theorem 2.3.4 in [Jao16] , we conclude that the generic type of (H −1 g (c), X g ) (which is the fibre of H g over c) is orthogonal to the constants. Remark 1.3.7. In classical mechanics, the Hamiltonian H g (x, p) = 1 2 g x (p, p) can be interpreted as the kinetic energy of a particle of mass m = 1 moving on the pseudo-Riemannian manifold (X, g). Therefore, the geodesic D-variety describes the movement of a free particle moving on the pseudoRiemannian manifold (X, g).
More generally, the preceding ideas are also relevant to the case of a particle subject to a potential V ∈ H 0 (X, O X ).
Definition 1.3.8. Let (X, g) be a smooth pseudo-Riemannian variety over k and
Example 1.3.9 (n-body problem). Set M = R 3 and consider the Riemannian manifold (M n \ ∆, g 0 ) where ∆ is the union of the diagonals and g 0 is the restriction of the Euclidean metric to M n \ ∆. Recall that, in classical mechanics, the n-body problem is the Hamiltonian system for the Riemannian manifold (M n \ ∆, g 0 ) associated to the potential
where G is the gravitational constant and the m i are the masses of the bodies (see [Che15] ). Notice that the potential V is an analytic (non polynomial) function on M n \ ∆.
It is easy to see that the projection on (M n \ ∆) identifies it with an étale covering of (M n \ ∆) of degree 2 n(n−1) 2
. Moreover, note that the function
is polynomial. Therefore, there exists a closed subvarietyX of ((
Definition 1.3.11. We call algebraic n-body problem, the D-variety of the pseudo-Riemannian variety (X,g 0 ) associated with the potential
whereg 0 is the pull-back toX of the metric g 0 on A n \ ∆.
Approximating compact Riemannian manifolds by pseudo-Riemannian varieties
In this section, we prove the approximation results, Theorem A and A ′ , stated in the introduction. We start by recalling the notions from real algebraic geometry needed for the proof of Theorem A and A ′ , before analysing the properties of the real analytification functor. The definition and results that we use are based on the chapters 12 and 14 in [BCR87] .
Note that in this section, there are three different categories of geometric objects (namely algebraic varieties, real-analytic varieties and smooth manifolds) and that this requires some care with the terminology. In particular, the adjective smooth will be used for objects (functions, morphisms and manifolds) from classical real differential geometry.
2.1. Real algebraic sets and analytification.
Definition 2.1.1. Let X be an algebraic variety over R. The real algebraic set associated to X is the locally ringed space (M = X(R), R M ) where
• X(R) is the set of real points of X endowed with the Zariski topology;
• the sheaf of rings R M is the sheaf associated with the presheaf O X,R induced by O X on X(R) and called the sheaf of regular functions. Let (X, O X ) be an irreducible variety over R and (M, R M ) be the associated real algebraic set. By construction, we have a morphism of R-algebras:
which is injective if X(R) is Zariski-dense in X. The ring of polynomial functions on M is the image of this morphism.
Remark 2.1.2. It is possible to describe the ring R M (M ) of regular functions on M as the subring of R(X) of rational functions everywhere defined on X(R). In particular as soon as dim(X) ≥ 1, the R-algebra R M (M ) is not of finite type.
In the sequel, we will be mainly interested in polynomial functions (and more generally polynomial sections of coherent sheaves) on M although one has to introduce R M in order to have a sheaf. Note that if X ⊂ A n is an affine closed subvariety, then the polynomial functions on M are simply the restrictions to M of the polynomial functions on R n .
Definition 2.1.3. Let X be a variety over R and x ∈ M = X(R). We say that the real algebraic set associated to X is non-singular at x ∈ X if O X,x = R M,x is a regular local ring. The real algebraic set associated to X is said to be non-singular if it is non singular at any of its points, or equivalently if X(R) is contained in the open set X reg of regular points of X.
Remark 2.1.4. There exists a real analytification functor from the category of algebraic varieties over R to the category of real analytic spaces. If X is a variety over R and M = X(R) is non-singular then M an is an analytic (so in particular smooth) manifold such that:
• The topological space M an is the set X(R) endowed with the Euclidean topology.
• Every regular function on M is smooth on M an .
Definition 2.1.5. Let X be an algebraic variety over R. Suppose that the associated real algebraic set M = X(R) is non-singular. For any coherent sheaf F on X, the analytification of F denoted F an is the C ∞ (M an )-module defined by: for any x ∈ M ,
In particular, if F is a coherent sheaf, then we have a morphism of R-vector spaces
which is injective if X(R) is Zariski-dense in X.
Remark 2.1.6. If F is a locally free sheaf on X then F an is also a locally free sheaf on M = X(R) an . Moreover, if F is the sheaf of tensors of type (n, m), then so is F an . Recall that a pseudo-Riemannian (analytic) manifold (M, g) is an analytic manifold M endowed with a non-degenerate symmetric 2-form g. The pseudo-Riemannian manifold (M, g) is called a Riemannian manifold if the 2-form g is positive definite or, in other words, if it has signature (n, 0). Definition 2.1.7. Let (X, g) be a smooth pseudo-Riemannian variety over R. The analytification of (X, g) is the pseudo-Riemannian (analytic) manifold (X(R)
an , g an R ). It is denoted (X(R), g R ) an . The following two lemmas relate the notions of the first section of this article on pseudo-Riemannian varieties with the classical ones on their analytification. Lemma 2.1.8. Let (X, g) be a smooth pseudo-Riemannian variety over R. Denote by K g the sectional curvature of (X, g).
The sectional curvature (in the sense of differential geometry) of the pseudo-Riemannian manifold
Proof. By uniqueness of the Levi-Civita connection in Riemannian geometry, the Levi-Civita of (X(R), g R ) an is ∇ an R where ∇ is the Levi-Civita connection of the smooth pseudo-Riemannian variety (X, g). Therefore, if R denotes the curvature tensor of ∇, the curvature tensor of ∇ an R is R an R . Then, the sectional curvature is computed from R (Lemma 1.2.8) with the same formula as in Riemannian geometry.
Lemma 2.1.9. Let (X, g) be a smooth pseudo-Riemannian manifold over R. The real flow of the unitary D-variety (resp. the reduced geodesic D-variety) associated to (X, g) is the geodesic flow (resp. unitary geodesic flow) of the Riemannian manifold (X(R), g R )
an .
Proof. Set M = X(R) an . It is easy to see that T * M = T * X/R (R) an and that the canonical symplectic structure on T * M is given by the closed non-degenerate 2-form ω an R where ω is the symplectic form T * X/R given by example 1.1.5.
Moreover, the isomorphism T X/R ≃ T * X/R of varieties over k given by g induces the isomorphism
Consequently, if H is a Hamiltonian on T X/R , the Hamiltonian vector
By definition, the geodesic flow is the Hamiltonian flow on T M associated with the Hamiltonian
an g , the lemma follows from the previous compatibilities.
First approximation.
We prove that every compact Riemannian manifold can be approximated by a smooth pseudo-Riemannian manifold over R.
Notation 2.2.1. Let M be a smooth and compact manifold of dimension n ∈ N. Recall that the ring C ∞ (M ) of smooth functions on M has a natural topology of a Fréchet space, called the C ∞ -topology defined by the family of seminorms
where U ⊂ i M is a chart of the manifold M . More generally, if E −→ M is a vector bundle of rank r, the vector space C ∞ (E) of smooth sections of E also carries the natural topology of a Fréchet space called the C ∞ -topology defined as follows. Consider any trivialising covering
The smooth topology on C ∞ (E) is the topology induced by the product topology on
r . It does not depend on the choice of the trivialising covering. Corollary 2.2.3. Let X be an affine variety over R and F a locally free sheaf on X. Suppose that the real algebraic set M = X(R) associated to X is non-singular and compact. The morphism of R-vector spaces:
has a dense image for the C ∞ -topology.
Proof. We fix a closed embedding X ⊂ i A n . The analytic morphism i an R realises M an as a compact smooth submanifold of the Euclidean space R n . Therefore, Theorem 2.2.2 above shows that the corollary is true when F = O X and therefore when F = O n X is a trivial bundle.
Let F be a locally free sheaf on X. As X is an affine variety, the coherent sheaf F is generated by its global sections. Therefore, there exists a surjective morphism:
an of analytic sheaves is also surjective. Consequently, to approximate a smooth section σ of F an , it is sufficient to lift it up into a section τ of O n M and then to approximate τ . Theorem 2.2.4 (Tognoli's Theorem -[BCR87, Théorème 14.1.10]). Let M be a smooth, connected and compact manifold. There exists an affine variety X over R such that X(R) is non-singular and the smooth manifold X(R)
an is isomorphic to M .
Remark 2.2.5. A weak version of Tognoli's Theorem was already established by Nash. It states that any connected and compact manifold is a connected component of an algebraic subset of R n for some n ∈ N.
In fact, the proof of Nash's result is quite elementary. Fix a smooth embedding i : M −→ R n and consider a tubular neighbourhood T of M in R n . By construction, there exist smooth functions f 1 , . . . , f r on T such that M = {x ∈ T | f i (x) = 0 , ∀i ≤ n}. By the Thom Transversality Lemma (see [BCR87, Section 14]), for any sufficiently small pertubations (g i ) 1≤i≤n of the (f i ) 1≤i≤n on T , the resulting smooth manifoldM = {x ∈ T | g i (x) = 0 , ∀i ≤ n} will be diffeomorphic to M and still satisfyM ∩ ∂T = ∅.
By Theorem 2.2.2, we can choose the (g i ) i≤n to be the restrictions to T of polynomials (P i ) i≤n . As M ∩ ∂T = ∅, we can conclude thatM = T ∩ Z(P 1 , · · · , P n ) is both closed and open in Z(P 1 , · · · , P n ) and is therefore a connected component.
Consequently, the hard part in Tognoli's Theorem is to get rid of the other connected components. an such that φ * g an R ∈ U. Proof. Let (M, g M ) be a smooth, connected and compact Riemannian manifold. By Theorem 2.2.4, there exists an affine variety X over R such that the real algebraic set X(R) is non-singular and M and X(R) an are diffeomorphic. Fix a neighbourhood U ⊂ C ∞ (S 2 M ) of g M . Up to refining U, we can suppose that any g ∈ U is non-degenerate. By corollary 2.2.3 applied to the affine variety X, there exists a section g ∈ H 0 (X, S 2 (T X/R )) such that φ * g an R ∈ U. Let V ⊂ X be the biggest open set such that:
• All points of V are regular points.
• The symmetric 2-form g is non degenerate. By construction, (V, g |V ) is a smooth pseudo-Riemannian variety over R. Moreover, as X(R) is nonsingular and g an R (and therefore g) is non-degenerate on it, we have X(R) = V (R). Consequently, (V, g |V ) and φ : M −→ V (R) = X(R) satisfy the conclusion of the theorem. (ii) Let g 0 be the usual Euclidean metric on R m . The pullback i * g 0 of the Riemannian metric g 0 is in U.
The proof is based on a clever elementary lemma that goes back to Nash in [Nas54] and [Nas56] (see also [Gro86, Section 3.1] for a modern presentation).
Lemma 2.3.2 (Nash Twist). Let M be a compact manifold and f, φ : M −→ R be smooth functions. Fix ǫ > 0, then there exist smooth functions h : M −→ R and k : M −→ R such that:
Proof. Consider the function f 0 from M to the circle S 1 ǫ ⊂ R 2 of radius ǫ defined by:
Note that f 0 as been chosen such that the pull-back of the Euclidean metric on R 2 by f 0 is (df ) 2 . Set f 1 = φ.f 0 and g 1 the pullback by f 1 of the Euclidean metric on R 2 . Using the Leibniz rule, we can compute:
Consequently, if h and k are the coordinate functions of f 1 , we have (dk
Proposition 2.3.3. Let X be an affine variety over R such that X(R) = M ⊂ R N is a compact and non-singular algebraic subset. Consider smooth functions φ, f :
Proof. Let X be an affine variety over R such that X(R) = M ⊂ R N is a compact and non-singular algebraic subset.
Consider smooth functions φ, f on X(R) an and fix U ⊂ C ∞ (S 2 T * M ) a neighbourhood of φ 2 (df ) 2 . Let ǫ > 0 be such that −ǫ 2 (dφ) 2 ∈ U and let h and k be the smooth functions on M given by Lemma 2.3.2 such that:
By Theorem 2.2.2, there exist sequences of polynomial functions h n ∈ R[X] and k n ∈ R[X] converging to h ∈ C ∞ (M ) and k ∈ C ∞ (M ) respectively for the C ∞ -topology. Using the equation (6), we have:
As −ǫ 2 (dφ) 2 ∈ U and U is open, we conclude that for N large enough we have:
Proof of Theorem 2.3.1. Let (M, g) be a smooth, connected and compact Riemannian manifold of dimension n ∈ N. We start by a couple of reductions. By Theorem 2.2.4, there exists an affine variety X over R such that X(R) is non-singular and X(R)
an ≃ M . Consequently, we can suppose that M = X(R) an ⊂ R N is the analytification of an algebraic subset of R N . Let g 0 be the restriction of the Euclidean metric of R N to the submanifold M . Then g − g 0 is a symmetric 2-form which might not be positive definite. But, as X(R) is compact, by replacing X by its image by a homothety (which is an algebraic automorphism), we can suppose that ||g 0 || ∞ is sufficiently small for g − g 0 to be a positive definite 2-form on M . Consequently, there exist smooth functions (φ i ) i≤L and (ψ i ) i≤L on M such that:
(see for instance [Gro86, pp. 222] for the existence of such a decomposition). Fix a neighbourhood
) is an isomorphism of varieties over R. Therefore, the metric (χ an R ) * g 1 is given as the restriction of the Euclidean metric to an algebraic embedding of M .
Moreover, by construction, the restriction g 1 of the Euclidean metric to Y is given by:
By using the decomposition (7) and the property (8), we get that (χ
Anosov flows and their dynamics
In this section, we give a self-contained exposition of the mixing properties of the geodesic flow of a compact Riemannian manifold with negative curvature, involved in the proof of Theorem B.
First, we recall how to translate the hypothesis on the curvature of the Riemannian manifold into a global hyperbolic structure for the geodesic flow -the structure of an Anosov flow -discovered by D. Anosov in [Ano67] .
Then, we gather the consequences of the existence of this hyperbolic structure on the topological dynamics of the geodesic flow. Those results will allow us to deduce some mixing properties for the geodesic flow from statements concerning the length of the periodic orbits and the density of recurrent points of the flow (see for instance, [Cou04] ).
It is then easy to deduce the mixing properties of the geodesic flow for compact Riemannian manifold with negative curvature, in the specific form needed for the proof of Theorem B, from the work of F. Dal'bo in [Dal99] .
3.1. Anosov Flows.
Definition 3.1.1. Let (M, g) be a Riemannian manifold of dimension ≥ 3 and v a C ∞ -vector field on M with a complete flow (φ t ) t∈R . The flow (M, (φ t ) t∈R ) is called an Anosov flow if the vector field v does not vanish and there exists a splitting of the tangent bundle T M into continuous sub-bundles
satisfying: (i) The sub-bundles E s and E u are non-trivial bundles which are (dφ t ) t∈R -invariant. (ii) There exist C, C ′ > 0 and 0 < λ < 1 such that for all u ∈ E s , ||dφ t (u)|| ≤ C.λ t ||u|| and ||dφ −t (u)|| ≥ C ′ .λ −t ||u|| for all t > 0.
(ii) There exist C, C ′ > 0 and 0 < λ < 1 such that for all w ∈ E u , ||dφ t (w)|| ≥ C.λ −t ||w|| and ||dφ −t (w)|| ≤ C ′ .λ t ||w|| for all t > 0.
where the norm on the tangent bundle T M is given by the Riemannian metric on M .
Let M be a compact manifold. If g 1 and g 2 are two Riemannian metrics on M , then the associated norms ||.|| 1 and ||.|| 2 are equivalent, in the sense that there exist A, B > 0 such that
In particular, if v is a vector field on a compact manifold M , then the property of being Anosov does not depend on the choice of the Riemannian metric on M . Accordingly, we will speak about Anosov flow on a compact manifold M without a specific choice of Riemannian metric on M .
Remark 3.1.2. Let M be a Riemannian manifold and v a vector field on M with a complete flow (φ t ) t∈R . For every x ∈ M , one can always define the two vector subspaces of T x M by:
The vector subspaces E s x and E u x of T x M are respectively called the (strongly) stable and the (strongly) unstable distributions at x ∈ M of the flow (φ t ) t∈R .
Note that, for a general vector field v, the collection (E s x ) x∈M does not behave continuously, when x varies in M . However, when the flow of v is an Anosov flow, it is easy to check that the stable and unstable distributions at x ∈ M coïncide with the continuous subbundles defining the splitting (9) in the definition of an Anosov flow. Consequently, when the flow of v is an Anosov flow, the collection (E s x ) x∈M (and similarly for the unstable distribution) defines a continuous vector subbundle of T M . Moreover, a consequence of the previous analysis is that the splitting (9) is unique, if it exists. We can therefore rephrase the definition of an Anosov flow in the following terms. The complete flow (φ t ) t∈R associated to a vector field v is an Anosov flow if:
• The stable and unstable distributions are both (non-trivial) continuous vector bundles and define a splitting T M = E s ⊕ R.v ⊕ E u of the tangent bundle of M .
• We have exponential bounds for the rate of convergence and divergence in the stable and unstable distributions E s and E u .
Regarding the unitary geodesic flow on a compact Riemannian manifold with negative curvature, we have the following theorem. 3.2. Dynamical properties of Anosov flows. We are now interested in the topological dynamics of an Anosov flow. The natural setting for this section is therefore the one of (complete) metric flows, i.e., of metric spaces (M, d) endowed with a complete flow (φ t ) t∈R .
Definition 3.2.1. Let (M, (φ t ) t∈R ) be a metric flow and p ∈ M . The (strongly) stable set at p, denoted by W s (p), and the (strongly) unstable set at p, denoted by W u (p), are the subsets of M defined by:
Definition 3.2.2. Let (M, (φ t ) t∈R ) be a metric flow and p ∈ M . For any ǫ > 0, we call strongly stable set at p of size ǫ and strongly unstable set at p of size ǫ, the sets defined by:
Let (M, g) be a Riemannian manifold and v a C ∞ -vector field on M with a complete flow (φ t ) t∈R . When (M, (φ t ) t∈R ) is an Anosov flow then, for every ǫ > 0, the germ at p of the strongly stable set at p of size ǫ is the germ at p of the strongly stable set. Namely we have: leaves. Moreover, for all p ∈ M , the leaf at p ∈ M of the associated foliation to E s ⊂ T M (resp. to
Definition 3.2.5. Let (M, (φ t ) t∈R ) be a metric flow. We say that the flow (M, (φ t ) t∈R ) admits a local product structure if for all p ∈ M , there exists a neighbourhood V ⊂ M of p which satisfies: For every ǫ > 0, there is a positive constant δ > 0 such that for all x, y ∈ V satisfying d(x, y) ≤ δ, there exists t ∈ R with |t| ≤ ǫ such that
Proposition 3.2.6 ([Ano67]). Let (M, (φ t ) t∈R ) be an Anosov flow as above. Then (M, (φ t ) t∈R ) admits a local product structure.
Definition 3.2.7. Let (M, (φ t ) t∈R ) be a metric flow. We say that the flow (M, (φ t ) t∈R ) satisfies the Anosov closing lemma if for all p ∈ M , there exists a neighbourhood V ⊂ M of p which satisfies:
For all ǫ > 0, there exist positive constants δ > 0 and L > 0 such that for all x ∈ V and t > L with d(x, φ t (x)) ≤ δ and φ t (x) ∈ V , there exist l > 0 and x 0 ∈ V satisfying: 3.3. Anosov alternative and mixing properties.
Definition 3.3.1. Let (M, (φ t ) t∈R ) be a metric flow. The length spectrum of the periodic orbits is the subset Λ ⊂ R given by the lengths of the periodic orbits of (M, (φ t ) t∈R ):
Λ := {t ∈ R * + | ∃a ∈ M , φ t (a) = a}. We say that the length spectrum Λ ⊂ R of (M, (φ t ) t∈R ) is arithmetic if there exists a ∈ R such that Λ ⊂ a.Z. (i) The flow (M, (φ t ) t∈R ) is weakly topologically mixing.
(ii) The flow (M, (φ t ) t∈R ) is topologically mixing.
(iii) The length spectrum of the periodic orbits is not arithmetic.
Remark 3.3.3. Theorem 3.3.2 can be seen as a topological counterpart for the Anosov alternative which states that:
• The (topological) mixing and (topological) weakly mixing properties are equivalent for Anosov flows.
• Any topologically transitive Anosov flow is either mixing or the suspension of a diffeomorphism. In the latter case, the length spectrum of the periodic orbits is arithmetic.
Remark 3.3.4. Theorem 3.3.2 provides an efficient tool to prove that an Anosov flow (M, (φ t )) t∈R is topologically weakly mixing, a key assumption of Theorem B in [Jao16] . Indeed it shows that, to establish this property, we may proceed as follows:
• First, prove that the recurrent points are dense in M . Notice that this property only depends on the partition of M into orbits of (φ t ) t∈R . In other words, this property only depends on the foliation by curves defined by the vector field.
• Then, prove that the length spectrum of the periodic orbits is not arithmetic. In contrast with the preceding case, this is not a property of the partition of M into orbits of (φ t ) t∈R but also depends on the temporal parametrization of the orbits. Remark 3.3.8. In the case of a compact Riemannian manifold with constant negative curvature, shorter proofs of Theorem 3.3.5 can be given by means of representation theory (see for instance [Gla03, Chapter 4, Section 6]). However, in this article, we need to control the topological dynamics of the geodesic flows attached to algebraic metrics, constructed by some approximation procedure (cf. Section 2) and we cannot assume that they have constant negative curvature.
Proof of the Main Theorem
4.1. Constructing pseudo-Riemannian varieties over R with negative curvature. We show the existence of a large supply of smooth pseudo-Riemannian algebraic varieties over R to which our main theorem (Theorem B), concerning the orthogonality to the constants of the geodesic flow, will apply. This is actually an easy illustration of the constructions in the second section of this article and of the following two elementary lemmas.
Lemma 4.1.1. Let X be a quasi-affine variety over R and let M ⊂ X(R) an be a connected non-empty R-analytic submanifold. Then the Zariski-closure M of M in X is an irreducible variety over R.
Proof. First, we may suppose that X is affine by working in the Zariski-closure of X relatively to an embedding i : X −→ A n . Therefore, we can suppose that the Zariski-closure of M ⊂ X(R) an is the Zariski closure of M ⊂ R n . Let M ⊂ R an be a connected non-empty analytic submanifold and set Z = M . The ideal I Z of R[X 1 , · · · , X n ] associated to Z is the kernel of the morphism of rings given by restriction to M :
where O an (M ) is the ring of analytic functions on M . As M is a connected analytic manifold, this ring is an integral domain and its kernel I Z is prime. We conclude that Z is irreducible.
We will need to work with absolutely irreducible varieties. For that matter, we will use the following lemma.
Lemma 4.1.2. Let k be a field and X be an irreducible variety over k. Suppose that X(k) is Zariskidense in X. Then X is an absolutely irreducible variety over k. This is well-known. For the sake of completeness, we include a proof.
Proof. It suffices to prove the lemma for an affine irreducible variety X over k with X(k) Zariski-dense in X.
Recall that X is absolutely irreducible if and only if the field extension k ⊂ k(X) is regular. As X(k) is Zariski-dense in X, there exists an elementary extension k k * and c ∈ k n realising the generic type of X over k. Every elementary extension of fields is regular and a subextension of a regular extension is also regular. We conclude that k ⊂ k * is a regular extension and therefore k ⊂ k(c) is also regular.
As c realises the generic type of X, the extensions k ⊂ k(c) and k ⊂ k(X) are isomorphic. In particular, the latter is regular.
Theorem 4.1.3. Let M be a compact C ∞ -manifold which admits a Riemannian metric with negative curvature. There exists an absolutely irreducible smooth pseudo-Riemannian variety (X, g) over R such that:
(i) The real algebraic set X(R) is non-singular and Zariski-dense in X. Moreover, the smooth manifolds X(R) an and M are diffeomorphic.
an is a Riemannian manifold with negative curvature.
Proof. Let M be a compact manifold. The function g → sup P ∈G2(M) K(P ) which associates to a Riemannian metric g, the maximum of the sectional curvature is continuous for the C 2 -topology on
As M admits a Riemannian metric with negative curvature, by applying theorem 2.2.7, there exists a smooth pseudo-Riemannian variety (X, g) over R such that:
(a) The real algebraic set X(R) is non-singular and the smooth manifolds X(R) an and M are diffeomorphic.
an is a Riemannian manifold with negative curvature. Let Y = X(R) ⊂ X be the Zariski-closure of the real points of X andỸ = Y reg the regular points of Y . As the real algebraic set X(R) is non-singular, we haveỸ (R) = X(R) and it is easy to check that (Ỹ , g |Ỹ ) satisfies the same properties (a) and (b).
Moreover, by definitionỸ (R) is Zariski-dense in Y and it only remains to check that Y is an absolutely irreducible variety over R. This is given by lemma 4.1.1 together with lemma 4.1.2. Theorem 4.1.4. Let M be a compact C ∞ -manifold which admits a Riemannian metric with negative curvature. There exists an absolutely irreducible smooth and quasi-affine variety X ⊂ A n over R such that:
(i) The real algebraic set X(R) is non-singular and X(R) an is diffeomorphic to M . (ii) The pseudo-Riemannian manifold (X(R), g R )
an is a Riemannian manifold with negative curvature, where g is the restriction of the Euclidean metric on A n R to X. The same proof as the proof of Theorem 4.1.3 goes through here after applying Theorem 2.3.1 instead of Theorem 2.2.7.
The main theorem.
Theorem 4.2.1. Let (X, g) be an absolutely irreducible smooth pseudo-Riemannian variety over R, with Zariski-dense real points, such that (X(R), g R )
an is a compact Riemannian manifold. Then the unitary geodesic D-variety associated to (X, g) is absolutely irreducible and, if the sectional curvature of (X(R), g R )
an is negative, its generic type is orthogonal to the constants.
Proof. Let (X, g) be an absolutely irreducible pseudo-Riemannian variety over R with X(R) nonsingular, Zariski-dense in X and suppose that (X(R), g R ) an is a compact and connected Riemannian manifold with negative curvature.
We denote by (SX, v) the associated unitary geodesic D-variety and we check that it satisfies the hypothesis of Theorem B in [Jao16] .
• It is easy to see that SX(R) is Zariski-dense in SX.
Indeed, recall that Y (R) is Zariski dense in Y iff dim(Y (R)) = dim(Y ) where the first dimension is the semi-algebraic dimension. But we can compute the semi-algebraic dimension of SX(R) as: dim(SX(R)) = 2.dim(X(R)) − 1 = 2.dim(X) − 1 = dim(SX), because X(R) is Zariski-dense in X.
• Moreover, as SX(R) is connected and Zariski-dense in SX, by applying lemmas 4.1.1 and 4.1.2, we get that SX is an absolutely irreducible variety over R.
• We now show that the real flow of the unitary geodesic D-variety (SX, v) is weakly mixing. From Lemma 2.1.9, we know that this flow is the unitary geodesic flow of the compact Riemannian manifold (X(R), g R ) an . By hypothesis, its sectional curvature is negative. Consequently, using Theorem 3.3.5, we conclude that the unitary geodesic flow is mixing and therefore weakly mixing. By applying Theorem B in [Jao16] to the compact set SX(R), we get that the generic type of the absolutely irreducible D-variety (SX, v) is orthogonal to the constants.
Remark 4.2.2. In the proof of Theorem 4.2.1, we have applied Theorem B of [Jao16] to all real points of X, whereas it suffices to know the dynamics on a compact Zariski-dense subset K ⊂ X(R) to conclude that the generic type is orthogonal to the constants.
In particular, we can get a stronger form of the theorem above by only requiring that a connected and compact component C ⊂ X(R) is non-singular and that the pseudo-Riemannian manifold (C, g Remark 4.2.4. Let (X, g) be an absolutely irreducible smooth pseudo-Riemannian variety over R, with Zariski-dense real points, such that (X(R), g R )
an is a compact and connected Riemannian manifold. The morphism of D-varieties
has three kinds of non-zero fibres:
• The fibres over positive real numbers which are real D-varieties with Zariki-dense real points.
• The fibres over negative real numbers which are real D-varieties without any real points.
• The fibres over complex non real numbers which are complex D-varieties. In particular, thanks to Proposition 1.3.6, we can obtain orthogonality results for some real D-varieties without real points and even for some complex (non real) D-varieties.
Corollary 4.2.5. Let M ⊂ R n be a non-empty compact connected and non-singular algebraic subset of the Euclidean space R n . The system (S) of differential equations describing the motion of a particle in the Euclidean space R n with non-zero fixed energy, constrained to move without friction along the submanifold M is an absolutely irreducible system of algebraic differential equations.
If the restriction of the Euclidean metric to M has negative curvature, then the generic type of the system (S) is orthogonal to the constants.
Proof. Set M = X(R) with X a quasi-affine variety over R. We can suppose (after restricting to an open subset of X) that X is non singular and that the restriction to X of the standard Euclidean metric g on A n R is non-degenerate. The system (S) with fixed energy E 0 ∈ C is the system of differential equations given as the fibre (as a D-variety) over E 0 of the morphism of D-varieties H g : (T X/k , X g ) −→ (A 1 , 0).
It suffices to apply Theorem 4.2.1 to (X, g) and then Proposition 1.3.6 to conclude that any non-zero fibre is absolutely irreducible and that its generic type is orthogonal to the constants.
